Abstract. In this paper we develop the formalism of the Grothendieck six operations on o-minimal sheaves. The Grothendieck formalism allows us to obtain o-minimal versions of: (i) derived projection formula; (ii) universal coefficient formula; (iii) derived base change formula; (iv) Künneth formula; (v) local and global Verdier duality. As an application we show that, in an arbitrary o-minimal structure, the o-minimal sheaf cohomology of a definably connected, definably compact definable group, with coefficients in a field, is a connected, bounded, Hopf algebra of finite type.
Introduction
In this paper we work in an arbitrary o-minimal structure M with definable Skolem functions and we develop the formalism of the Grothendieck six operations on o-minimal sheaves. We develop this theory in a full a subcategory A of the category of definable spaces Def whose set of objects is:
• closed under taking definable subspaces of objects of A, • closed under taking cartesian products of objects of A, and, is such that: (A1) every object of A is definably normal; (A2) every object of A is definably completable in A; (A3) for every object X of A, for every model S of the first-orer theory of M and for every sheaf F on the o-minimal site on X we have an isomorphism formula; (iv) Künneth formula; (v) local and the global Verdier duality. In combination with the results from [18] we also find the following application to the theory of definable groups: Theorem 1.1. Suppose that M is an arbitrary o-minimal structure. Let k be a field. If G is a definably connected, definably compact definable group, then the o-minimal sheaf cohomology H * (G; k G ) of G with coefficients in k is a connected, bounded, Hopf algebra over k of finite type.
This result is the main missing ingredient to obtain proofs of three important results about definably compact definable groups in arbitrary o-minimal structures along the lines of the corresponding proofs in the case of o-minimal expansions of fields. These results are: (i) the computation of the subgroup of m-torsion points of an abelian, definably connected, definably compact definable group ( [16] ); (ii) Pillay's conjecture for definably compact definable groups ( [41] and [27] ); (iii) compact domination conjecture for definably compact groups ( [29] and [28] ). Recently, proofs of these three results were obtained in o-minimal expansions of ordered groups ( [20] , [37] , [21] , [23] and [24] ). However, in view of ( [22] ), it seems that this new method does not generalize to arbitrary o-minimal structures. Pillay's conjecture can be thought of as an o-minimal analogue of Hilbert's 5 th problem and the compact domination conjecture formalizes the idea that the quotient map from Pillay's conjecture should be a kind of intrinsic "standard part map". O-minimality is the analytic part of model theory and deals with theories of ordered, hence topological, structures satisfying certain tameness properties. It generalizes semi-algebraic geometry ( [2] ) and globally sub-analytic geometry ( [31] , also called finitely sub-analytic in [10] ) and it is claimed to be the formalization of Grothendieck's notion of tame topology (topologie modérée). See [11] and [13] . In this paper we generalize Delfs results for semi-algebraic sheaves ( [8] ) as well as Kashiwara and Schapira ( [33] ) and Prelli's ( [43] ) results for sub-analytic sheaves restricted to real analytic manifolds which are globally sub-analytic (as we deal, for now, only with definable spaces and not locally definable spaces -the later more general case will be dealt with in a sequel to this paper). Indeed, semi-algebraic sets (resp. globally sub-anaylitic sets ) are definable sets in certain o-minimal structures, namely real algebraically closed fields (resp. R an = (R, <, 0, 1, +, ·, (f ) f ∈an ) -the field of real numbers expanded by restricted globally analytic functions, i.e, functions which are zero outside a compact box and are given by the restriction of a power series converging on a neighborhood of that box). See [11] (resp. [9] ). This paper is thus a contribution to the claim that o-minimality does indeed realize Grothendieck's notion of topologie modérée.
In the semi-algebraic case nearly all of our results are completely new. Indeed, in [8, Section 8] , Delfs constructs the semi-algebraic proper direct image functor and only proves two basic results about this functor (base change and commutativity with small inductive limits) and then conjectures in [8, Remark 8.11 ii)] that: "It seems that the results of this section suffice to prove a semi-algebraic analogue of Verdier duality (by the same proof as in the theory of locally compact spaces c.f [44] )."
In the globally sub-analytic case we introduce a new globally sub-analytic proper direct image functor which, unlike Kashiwara and Schapira ( [33] ) and Prelli's ( [43] ) sub-analytic proper direct image functor, generalizes to arbitrary o-minimal structures including: (i) arbitrary real closed fields; (ii) the non-standard models R((t Γ )) an = (R((t Γ )), <, 0, 1, +, ·, (f ) f ∈an ) of R an ( [12] ); (iii) the non-standard o-minimal structure M = ( n∈N R((t 1 n )), <, 0, 1, +, ·, (f p ) p∈R[[ζ1,...,ζn]] ) which does not came from a standard one ( [35, 26] ). See Remark 5.2 for further details on this.
The structure of the paper is the following. In Section 2.1 we prove the standard properties of definably proper maps and we show that this notion is invariant under the model functor and under the functor of going to o-minimal spectra. In Section 3 we study normal and constructible families of supports on fibers of o-minimal spectral maps. In Section 4 we recall the basic operations on o-minimal sheaves and study the sections of sheaves on fibers of o-minimal spectral maps with normal and constructible supports. In Section 5 we define the proper direct image operation on o-minimal sheaves and prove its fundamental properties. In Section 6 we obtain the local and the global Verdier duality. In Section 7 we prove our application of the previous theory to definable groups (Theorem 1.1).
On definably proper maps
In this section we recall the notion of definably proper definable map. We show that this notion has the standard properties and is invariant under certain model theoretic functors.
Definable spaces.
Here we recall the definition of definable space (already present in [11, Chapter 10] ) and make preliminary observations that will be useful later.
Let M = (M, <, (c) c∈C , (f ) f ∈F , (R) R∈R ) be a fixed o-minimal structure. First observe that in M we have the order topology generated by open definable intervals and in M k we have the product topology whose basis are the cartesian products of k open intervals. Thus every definable set X ⊆ M k has the induced topology and we say that a definable subset Z ⊆ X is open (resp. closed) if it is open (resp. closed) with the induced topology. Similarly, we can talk about continuous definable maps f : X → Y between definable sets. Definition 2.1. A definable space is a triple (X, (X i , θ i ) i≤k ) where:
• X = i≤k X i ;
• each θ i : X i → M ni is an injection such that θ i (X i ) is a definable subset of M ni with the induced topology; • for all i, j, θ i (X i ∩ X j ) is an open definable subset of θ i (X i ) and the transition maps θ ij :
i (x)) are definable homeomorphisms. We call the (X i , θ i )'s the definable charts of X and define the dimension of X by dim X = max{dim θ i (X i ) : i = 1, . . . , k}. If all the θ i (X i )'s are open definable subsets of some M n , we say that X is a definable manifold of dimension n. A definable space X has a topology such that each X i is open and the θ i 's are homeomorphisms: a subset U of X is an open in the basis for this topology if and only if for each i, θ i (U ∩ X i ) is an open definable subset of θ i (X i ).
A map f : X → Y between definable spaces with definable charts (X i , θ i ) i≤k and (Y j , δ j ) j≤l respectively is a definable map if:
• for each i and every j with f (
is a definable map between definable sets. We say that a definable space is affine if it is definably homeomorphic to a definable set with the induced topology.
The construction above defines the category of definable spaces with definable continuous maps which we denote by Def. All topological notions on definable spaces are relative to the topology above. Note however, that often we will have to replace topological notions on definable spaces by their definable analogue.
We say that a subset A of a definable space X is definable if and only if for each i, θ i (A ∩ X i ) is a definable subset of θ i (X i ). A definable subset A of a definable space X is naturally a definable space and its topology is the induced topology, thus we also call them definable subspaces.
In non-standard o-minimal structures definable sets and so definable spaces are usually totally disconnected and never connected. Thus we say that a definable space X is definably connected if it is not the disjoint union of two open and closed locally definable subsets.
A definable space X is definably normal if for every disjoint closed definable subsets Z 1 and Z 2 of X there are disjoint open definable subsets U 1 and U 2 of X such that Z i ⊆ U i for i = 1, 2. A definable space X is completely definably normal if every definable subspace of X is definably normal.
It this paper we will be mostly interested in definably normal spaces and completely definably normal spaces. We will refer to [18] for several properties of such spaces that we will required here.
A continuous definable map f : X → Y between definable spaces is called definably closed if for every closed definable subset A of X, its image f (A) is a closed definable subset of Y Let f : X → Y be a continuous definable map between definable spaces. We say that f : X → Y is a closed (resp. open) definable immersion if f : X → f (X) is a definable homeomorphism and f (X) is a closed (resp. open) definable subset of Y .
In the category Def of definable spaces with continuous definable maps the Cartesian square (also known as pullback or fiber product) of any two continuous definable maps f : X → Z and g : Y → Z exists and is given by a commutative diagram
} is a closed definable subspace of the definable space X × Y together with the restrictions p 1 : X × Z Y → X and 
We say that f : X → Y is a definable map over (a definable space) Z if there exists a commutative diagram
In this paper we will often require that some definable spaces considered have definable Skolem functions. Recall that a definable space X has definable Skolem functions if for every uniformly definable family {D t : t ∈ T } of nonempty definable subsets of X, there is a definable map σ :
For this reason we will assume from now on until the end of the paper the following hypothesis: Indeed, let {D t : t ∈ T } be a uniformly definable family of nonempty definable subsets of X. If (X i , φ i ) k i=1 are the definable charts of X, then the uniformly definable families
have definable Skolem functions and (by induction on k) this implies the result.
Definably proper maps.
Here we recall the definition of definably proper map between definable spaces and its main properties. A special case of this theory appears in [11, Chapter 6, Section 4] in the context of affine definable spaces in o-minimal expansions of ordered groups.
In nonstandard o-minimal structures closed and bounded definable sets are not compact. Thus we have to replace the notion of compactness by a suitable definable analogue.
Let X be a definable space and C ⊆ X a definable subset. By a definable curve in C we mean a continuous definable map α : (a, b) → C ⊆ X, where a < b are in M ∪ {−∞, +∞}. We say that a definable curve α : (a, b) → C ⊆ X in C is completable in C if both limits lim t→a + α(t) and lim t→b − α(t) exist in C, equivalently if there exists a continuous definable map α :
Definition 2.4. Let X be a definable space and C ⊆ X a definable subset. We say that C is definably compact if every definable curve in C is completable in C (see [38] ).
With this definition we have that a definable set X ⊆ M n with its induced topology is definably compact if and only if it is closed and bounded in M n ([38, Theorem 2.1]).
We have (see [18] ): Remark 2.5. Suppose that K is a definable subset of a definable space X. If K is definably compact subset, then K is a closed definable subset.
By definable Skolem functions we have:
Remark 2.6. Let f : X → Y a continuous definable map between definable spaces. If K ⊆ X is a definably compact definable subset, then f (K) is a definably compact definable subset of Y . Definition 2.7. A continuos definable map f : X → Y between definable spaces X and Y is called definably proper if for every definably compact definable subset K of Y its inverse image f −1 (K) is a definably compact definable subset of X.
From the definitions we see that:
Remark 2.8. A definable space X is definably compact if and only if the map X → {pt} to a point is definably proper.
Typical examples of definably proper continuous definable maps are: (i) f : X → Y where X is a definably compact definable space and Y is any definable space; (ii) the projection X × Y → Y where X is a definably compact definable space and Y is any definable space; (iii) closed definable immersions.
Proposition 2.9. Let f : X → Y be a continuous definable map between definable spaces. Then the following are equivalent:
(1) f is definably proper. 
there is at least one continuous definable map [a, b] → X making the whole diagram commutative. (3) f is definably closed and has definably compact fibers.
Then K is a definably compact definable subset of Y and so, f −1 (K) is a definably compact definable subset of X containing α((c, b)). Thus α must be completable in f −1 (K), hence in X. Assume (2) . Suppose that f is not definably proper. Then there is a definably compact definable subset K of Y such that f −1 (K) is not a definably compact definable subset of X. Thus there is a definable curve α : (a,
Assume (2) . Then (3) follows easily from almost everywhere curve selection( [18] ) and definable Skolem functions.
Assume (3) . Let C be a definably compact definable subset of Y . Let α : (a, b) → f −1 (C) a definable curve in f −1 (C). Suppose that lim t→b − α(t) does not exist in f −1 (C). Then this limit does not exist in X as well since
is a finite union of points and intervals, it follows that there is
We also have:
Proposition 2.10. Let f : X → Y be a continuous definable map definable spaces. Then the following are equivalent:
(1) f is universally definably closed.
(2) f is definably proper.
Proof. Assume that f is universally definably closed. Let γ : (a, b) → X be a definable curve in X and suppose that f • γ : (a, b) → Y is completable. By Proposition 2.9, we need to show that γ : (a, b) → X is completable in X. By assumption f • γ extends to a continuos definable map g : [a, b] → Y . Consider a cartesian square of continuous definable maps
together with the continuous definable map
′ is definably open. Therefore, we have lim t→a + γ ′ (t) = u and lim t→b − γ ′ (t) = v respectively and γ
′ is completable in X as required. Assume now (2) . It is enough to consider a cartesian square of continuous definable maps
By replacing (a, b) by a smaller subinterval we may assume that lim t→a + β(t) exists in Z, so β is completable in Z. By definable Skolem functions, after replacing (a, b) by a smaller subinterval, there exists a definable curve γ : (a, b) → X in X such that for every t ∈ (a, b) we have (γ(t), β(t)) ∈ A. Since f • γ = g • β and β is completable in Z, g • β is completable in Y . Thus by (2) and Proposition 2.9, γ is completable in X and lim
Corollary 2.11. Let X be a definable space. The following are equivalent:
(1) X is definably compact.
(2) For any definable space Y , the projection q : X × Y → Y is definably closed.
By Proposition 2.9 we have:
Proposition 2.12. The following hold:
(1) A closed definable immersion is definably proper.
(2) A composition of definably proper maps is definably proper.
(3) In a cartesian square of continuous definable maps 
Remark 2.13. Note that when defining definably compact we do not assume that the space is Haudorsff like in topology. If we did, then: (i) Proposition 2.9 would the analogue of the topological characterization of a proper map, i.e., a closed map with compact and Hausdorff fibers; (ii) Proposition 2.10 would be the functorial characterization of a proper map, i.e., a universally closed and separated map. Let f : X → Y be a continuous definable map between definable spaces. The corresponding diagonal morphism is the unique continuous definable map ∆ : X → X × Y X given by the universal property of fiber products:
We say that f : X → Y is separated if the corresponding diagonal morphism ∆ : X → X × Y X is a closed definable immersion. We say that a definable space Z is separated if the map Z → {pt} to a point is separated.
Since in the above diagram we have p 1 • ∆ = p 2 • ∆ = id X , it is clear that the following are equivalent:
(2) The image of the corresponding diagonal morphism ∆ : 
there is at most one continuous definable map [a, b] → X making the whole diagram commutative. (4) The fibers f −1 (y) of f are Hausdorff (with the induced topology) (resp. Z is Hausdorff). With this characterization of separated, it is easy to prove the analogues of Proposition 2.12 for separated continuous definable maps.
We end the subsection with some observations about definable completions which will be useful later. In the case of o-minimal expansions of real closed fields this can be read off from [11, Chapter 10, (2.6) and (2.7)].
Definition 2.14. Let B be a subcategory of Def. We say that:
(1) An object X of B is definably completable in B if there exists a definably compact space X ′ in B together with a definable open immersion i :
of morphisms in B such that ι is a definable open immersion with ι(X) dense in P and f is definably proper.
Lemma 2.15. Let B be a full subcategory of Def. Suppose that the set of objects of B is:
• closed under taking definable subspaces of objects of B;
• is closed under taking cartesian products of objects of B. Then the following are equivalent:
(1) every object X of B is definably completable in B.
(2) every morphism f : X → Y in B is definably completable in B.
(3) every morphism f : X → Y in B has a definable proper extension in B.
Choose also a definable completion g : X → X ′′ of X in B and note that g × j :
) is a definable completion of X in B, and the restriction of the projection
Assume (2) . Let h : X → Y be a morphism in B. Then there exists a commutative diagram
Assume (3) . Let X an object of B. Take h : X → {pt} to be the morphism in B to a point. Applying (3) to this morphism we obtain (1).
Definably proper maps in models.
Here we introduce the model functor and show that the notion of definably proper (and also definably compact) is invariant under the model functor.
As it is well known a model S of the first-order theory of M determines a functor Def → Def(S) from the category of definable spaces and continuous definable maps to the category of S-definable spaces and continuous S-definable maps. This functor sends a definable space X to the S-definable space X(S) and sends a continuous definable map f : X → Y to the continuous S-definable map f S : X(S) → Y (S).
First we make a few observations for the readers less familiar with model theory.
• A model S of the first-order theory of M is also an o-minimal structure with the same language as that of M.
• Since the elements of M belong to the language of M, if B is a definable set (resp. f : C → D is a definable map), then the first-order formula that defines B (resp. f : C → D) defines an S-definable set B(S) (resp. S-definable map f S : C(S) → D(S)).
• A definable set D is nonempty if and only if the corresponding S-definable set D(S) is nonempty. Thus a first-order property of the elements of D is satisfied if and only if the corresponding first-order property in S is satisfied in D(S). A first-order property is a property that can be defined by a formula in the language of M, and so, the collection of points satisfying the property is a definable set.
• The S-definable sets and S-definable maps are defined with the same firstorder formulas as those from M but with new parameters from S. Thus if B is an S-definable set (resp. f : C → D is an S-definable map), then by replacing the new parameters from S by variables we get a uniformly definable family {B t : t ∈ T } of definable sets such that B s = B for some s ∈ T (S) (resp., we get a uniformly definable family {f t :
Remark 2.16. If S is model of the first-order theory of M, then the following hold:
(1) The model functor is a monomorphism from the boolean algebra of definable subsets of a definable space X and the boolean algebra of S-definable subsets of X(S) and it commutes with:
• the interior and closure operations;
• the image and inverse image under (continuous) definable maps.
The model functor send cartesians squares in Def to cartesian squares in Def(S).
Using the above characterizations of S-definable sets and S-definable maps as uniformly definable families of definable sets and maps respectively, we obtain the following well known model theoretic fact: Remark 2.17. Let S be a model of the first-order theory of M. Then (assuming has we are that M has definable Skolem functions), S has S-definable Skolem functions. In particular, if X is a definable space, then X(S) is an S-definable space with S-definable Skolem functions.
We shall need the following result concerning definably proper maps: Proof. We will use Proposition 2.10 and prove that f : X → Y is universally definably closed if and only if f S : X(S) → Y (S) is universally S-definably closed. By Remark 2.16, it is enough to show that f : X → Y is definably closed if and
Suppose that f : X → Y is definably closed. Let A ⊆ X(S) be a closed Sdefinable subset and suppose that f S (A) is not a closed subset of Y (S). Then there is a uniformly definable family {A t : t ∈ T } of definable subsets of X such that A = A s (S) for some s ∈ T (S). Since the property on t saying that A t is closed is first-order, after replacing T by a definable subset we may assume that for all t ∈ T , A t is a closed definable subset of X. We also have that {f (A t ) : t ∈ T } is a uniformly definably family of definable subsets of Y such that f S (A) = f S (A s (S)). Let E be the definable subset of T of all t such that f (A t ) is not closed. Since s ∈ E(S), we have E = ∅ which is a contradiction since by assumption, for every
2.4.
Proper o-minimal spectral maps. Here we introduce the category of ominimal spectra of definable spaces which is given by the tilde functor and show that the notion of definably proper (and also definably compact) is invariant under the tilde functor.
The o-minimal spectrum X of a definable space X is, as in the affine case ( [4] , [6] and [39] ), the set of ultrafilters of definable subsets of X (also called in model theory, types concentrated on X) equipped with the topology generated by the open subsets of the form U , where U is an open definable subset of X.
The o-minimal spectrum f : X → Y of a (continuous) definable map f : X → Y between definable spaces is the (continuous) map such that given an ultrafilter α ∈ X, f (α) is the ultrafilter in Y determined by the collection {A :
The category Def is the category such that:
• the objects are of the form X where X is an object of Def;
• the morphisms are of the form f : X → Y where f : X → Y is a morphism of Def. The tilde operation Def → Def defines an isomorphism of categories.
The o-minimal spectrum X of a definable space X is T 0 , quasi-compact and a spectral topological space, i.e., it has a basis of quasi-compact open subsets, closed under taking finite intersections and each irreducible closed subset is the closure of a unique point. All topological notions on o-minimal spectra of definable spaces are relative to this topology, which we will call the spectral topology. Some times however we will consider the Stone topology on X which is generated by the open subsets of the form A, where A is a definable subset of X. The spectral topology is not T 1 (unless X is finite), namely not every point is closed. In particular it is not Hausdorff (unless X is finite). On the other hand, the Stone topology on X, which is finer than the spectral topology, is Hausdorff and compact but totally disconnected.
First recall that if X is a definable space then: (i) a subset A ⊆ X is constructible if it is of the form C for some definable subset C of X; (ii) for α, β ∈ X, we say that β is a specialization of α or α is a generalization of β, denoted α β, if and only if β is contained in the closure of {α} in X. The notion of specialization is valid in any spectral space and defines a partial order on the set of points.
Remark 2.19. For a definable space X the following hold:
(1) The tilde functor is an isomorphism between the boolean algebra of definable subsets of X and the boolean algebra of constructible subsets of X and it commutes with:
• the image and inverse image under (continuous) definable maps. To prove the main result of this subsection we require the following properties which will also be useful later in the paper.
Lemma 2.20. Let X be a definable space and C a subset of X. Then C is closed if and only if C = i∈I C i with each C i constructible and closed. Remark 2.21. Let X be a definable space and C = i∈I C i ⊆ X with the C i 's constructible subsets. The following hold:
• C is quasi-compact subset (with the induced topology).
• A closed subset B of C is a quasi-compact subset. Indeed, B = D ∩ C with D a closed subset of X. So D is quasi-compact and B is also quasi-compact.
• A quasi-compact subset B of C is a quasi-compact subset.
Lemma 2.22. Let f : X → Y be a (continuous) definable maps between definable spaces. Then the following hold:
Proof.
(1) Suppose that C = i∈I C i with the C i 's constructible. Then C is closed and hence compact in the Stone topology. By Remark 2.19 (1), f : X → Y is continuous in the Stone topology, so f (C) is compact in the Stone topology. Since Y is Hausdorff in the Stone topology, f (C) is closed (in the Stone topology). Therefore,
(2) Obvious.
In view of the usual functorial characterization of proper morphisms (universally closed and separated) and our assumptions about separateness in this context, we say that: (i) a morphism f : X → Y in Def is proper if and only if it is universally closed in Def; an object Z in Def is complete if and only if the morphism Z → {pt} to a point in Def is proper. Combining the model functor Def → Def(S) and the tilde functor Def → Def we obtain the model functor Def → Def(S) which sends an object X to X(S), sends a morphism f : X → Y to f S : X(S) → Y (S) and makes the following diagram commutative
Through the paper we will transfer the previous results in the category Def to the categories Def(S), Def and Def(S) when necessary.
On families of supports on fibers of o-minimal spectral maps
In the paper [17] normal and constructible families of supports on objects of Def played a fundamental role. Here we need to introduce the notion of a normal and constructible family of supports Φ on a fiber f −1 (α) of a morphism f : X → Y in Def. Such fibers are not in general objects of Def, but by some model theoretic tricks they can each be seen as objects of Def(S) for some model S of the first-order theory of M. These tricks work due to our assumption that M has definable Skolem functions.
Before we proceed we recall the basic model theoretic consequences of our assumption on M that will be required later.
By [42, Theorem 5.1]:
Fact 3.1. If M has definable Skolem functions, then for any parameter v in some model of the first-order theory of M, there is a prime model S of the first-order theory of M over M ∪ {v} such that, for every s ∈ S, there is a definable map
By Fact 3.1 we have: 
. Thus, by Fact 3.1, if u ∈ S and K is a prime model of the theory of M over M ∪ {u}, then we have either K = M or K = S.
3.1.
Family of supports on fibers of o-minimal spectral maps. Here we introduce the notion of a normal and constructible family of supports Φ on a fiber
Let S be a model of the first-order theory of M. For each object X of Def we have a restriction map r : X(S) → X such that given an ultrafilter α ∈ X(S), r(α) is the ultrafilter in X determined by the collection {A : A(S) ∈ α}. This is a continuous surjective map which is neither open nor closed.
The following result was proved in [1, Lemma 3.1] in the affine case -for continuous definable maps between definable sets, under the assumption that M is an o-minimal expansion of an ordered group. However, the only thing needed from M is that it has definable Skolem functions. In fact all that is required is Fact 3.1. A special case of this result, when the map is a projection X × [a, b] → X, was proved before in [15, Claim 4.5] . Lemma 3.3. Let f : X → Y be a morphism in Def, α ∈ Y , a |= α a realization of α and S a prime model of the first-order theory of M over {a} ∪ M. Then there is a homeomorphism
induced by the restriction r : X(S) → X.
We now have to show that r | : (
, the map we are interested on is the same as the restriction in the following commutative diagram
On the other hand, we also have β 1 , β 2 ∈ X j (S) and so
Hence, by the above,
is also an injection as required.
We can now use this homeomorphism r | : (f S ) −1 (a) → f −1 (α) to define the notion of a normal and constructible family of supports on the fibers f −1 (α). First recall the following definitions from [17, page 1267].
Definition 3.4. Let X be an object in Def. A family Φ of closed subsets of X is a family of supports on X if:
• every closed subset of a member of Φ is in Φ;
• Φ is closed under finite unions.
A family Φ of supports on X is said to be constructible if:
• every member of Φ is contained in a member of Φ which is constructible.
A family Φ of supports on X is said to be normal if:
• every member of Φ is normal;
• for each member S of Φ, if U is an open neighborhood of S in X, then there exists a closed constructible neighborhood of S in U which is a member of Φ.
Definition 3.5. Let f : X → Y be a morphism in Def, α ∈ Y , a |= α a realization of α and S a prime model of the first-order theory of M over {a} ∪ M.
• A family of supports Ψ on the quasi-compact space
−1 Ψ is a constructible family of supports on the
If there is no risk of confusion, and since r | is a homeomorphism, we also use Ψ to denote the inverse image of Ψ by r | .
We also say that a subset
We can now introduce one of the main definitions of the paper: Definition 3.6. Let f : X → Y be a morphism in Def, α ∈ Y , a |= α a realization of α and S a prime model of the first-order theory of M over {a} ∪ M.
• The family of complete supports on the object (f S ) −1 (a) of Def(S), denoted c, is the constructible family of supports on (f S ) −1 (a) of all closed subsets A of (f S ) −1 (a) with A ⊆ Z for some closed constructible complete subset Z of the object (f S ) −1 (a) of Def(S).
• The family of complete supports on f −1 (α), denoted c, is the (constructible) family of supports on f −1 (α) whose inverse image by r | is the constructible family of complete supports on (f S ) −1 (a).
3.2.
Normality of the family of complete supports on fibers. Here we introduce the assumptions that will guaranty: (i) the normality and constructibility of the family of proper supports; (ii) the normality and constructibility of the family of complete supports on fibers of closed points of o-minimal spectral maps; (iii) the compatibility of the family of complete supports on fibers of closed points of o-minimal spectral maps with the family of proper supports.
Later in the paper we will require that given a morphism f : X → Y in Def, the family Φ f = {A : A ⊆ X is closed with A ⊆ B for some closed constructible subset B of X such that f |B : B → Y is proper} of closed subsets of X is a normal and constructible family of supports (see Definitions 3.4).
The assumption introduced in the following lemma is enough to guarantee this.
Lemma 3.7. Let f : X → Y be a morphism in Def with a definably proper extension
such that P is definably normal. Let Z ⊆ X be a closed definable subset such that f |Z : Z → Y is definably proper. Then for every open definable neighborhood W of Z in X there is a closed definable neighborhood B of Z in W such that f |B : B → Y is definably proper.
Proof. By assumption, we have a commutative diagram
of morphisms in Def such that ι is a definable open immersion and f is definably proper. Since f |Z = f • ι |Z is definably proper, by Proposition 2.12 (5) ι |Z is definably proper and hence it is definably closed. So ι(Z) is a closed definable subset of P . On the other hand, ι(Z) and P \ ι(W ) are closed disjoint definable subsets of P . Since P is definably normal, by the shrinking lemma ( [18] ) there is a closed definable neighborhood C of ι(Z) in P with C ⊆ ι(W ). Let B = ι −1 (C). Then B is a closed definable neighborhood of Z in X such that B ⊆ W . Since f |B = f • ι |B , f is definably proper and ι |B is a closed definable immersion, by Proposition 2.12 f |B : B → Y is definably proper as required.
By Lemma 3.7 and [18] we have:
Corollary 3.9. Let X be an object of Def with a definable completion ι : X → P such that P is definably normal. If X is definably normal, then the family c of complete supports on X is a normal and constructible family of supports on X.
Throughout the paper we will also require that the family c of complete supports on a fiber f −1 (α) of a morphism f : X → Y in Def with α ∈ Y , is such that: if α is closed, then c = Φ f ∩ f −1 (α) and c is a normal and constructible family of supports (see Definitions 3.4 and 3.5).
The assumption already introduced is enough to guarantee this.
such that P is definably normal. Let α ∈ Y be closed, a |= α a realization of α and S a prime model of the first-order theory of M over {a} ∪ M . Then for every S-definably compact S-definable subset K of (f S ) −1 (a) there exists a closed definable subset B of X such that f |B : B → Y is definably proper and K ⊆ B(S).
Proof. By assumption, we a commutative diagram
of morphisms in Def such that ι is a definable open immersion and f is definably proper. Since K is an S-definably compact S-definable subset of (f S ) −1 (a), we have that ι S (K) is S-definably compact and hence closed in (f S ) −1 (a) ⊆ P (S). (We used here Remarks 2.17 and 2.6 in S). The homeomorphism r | : (
Since P is normal ( [18] ), by the shrinking lemma ( [18] ) we can find disjoint constructible open neighborhoods U and V of r | ( ι S (K)) and P \ ι(X) respectively in P . Set C = P \V . Then C is definable and closed in both ι(X) and P . Moreover,
with C constructible and closed in both ι(X) and P . From the commutative diagram,
On the other hand, since r( B(S)) = B, we get K ⊆ B(S) and consequently K ⊆ B(S) as required.
By Lemma 3.10 we have:
such that P is definably normal. Let α ∈ Y be closed. Let c be the family of complete supports of f
If X is definably normal, then c is a normal and constructible family of supports.
Proof. Let a |= α be a realization of α and S a prime model of the first-order theory of M over {a} ∪ M.
Let L ∈ c. Then by definition of c, there is an S-definably compact S-definable
By Lemma 3.10, there exists a closed definable subset B of X such that f |B : B → Y is definably proper and
If X is definably normal, then by Corollary 3.8, c is a normal and constructible family of supports.
Remark 3.12. If we consider the morphism a X : X → {pt} to a point in Def, then we have Φ aX = c. Thus the results about Φ aX that we proved in this subsection are obtained under the weaker assumption that X is a definably normal, definably locally compact definable space.
Sheaves on fibers of o-minimal spectral maps
In this section we recall the basic operations on o-minimal sheaves and study the sections of sheaves on fibers of o-minimal spectral maps with normal and constructible supports.
4.1. Sheaves on topological spaces. Let X be a topological space, let Op(X) be the category of open subsets of X (morphisms are given by the inclusions) and let A be a commutative ring. We denote by Mod(A X ) the category of sheaves of A-modules on X and we call its objects A-sheaves on X. It is a Grothendieck category, in particular it admits enough injective objects. Here we recall same useful facts about A-sheaves on topological spaces.We refer to [3] , [25] , [30] and [32] for further details on sheaves on topological spaces.
An A-sheaf on X is a contravariant functor F : Op(X) op → Mod(A X ), U → Γ(U ; F ) satisfying gluing conditions, which are described for each U ∈ Op(X) and each covering U = {U i } of U by the exact sequence
A fiber F x of F on a point x ∈ X is given by the limit
Let us recall the definition of the internal operations. If F, G ∈ Mod(A X ), then F ⊗ AX G is the sheaf associated to the presheaf U → Γ(U ; F ) ⊗ k Γ(U ; G) and Hom AX (F, G) is the sheaf defined by U → Hom AX (F |U , G |U ) (here (•) |U denotes the restriction). The functor Hom AX (•, •) is right adjoint to ⊗ AX , i.e. if F, G, H ∈ Mod(A X ) then we have a functorial isomorphism
The functor Hom AX (•, •) is left exact with respect to each of its arguments, the tensor product • ⊗ AX • is right exact with respect to each of its arguments and commutes with small inductive limits.
The category Mod(A X ) also has enough projective objects with respect to F ⊗ AX • for any F ∈ Mod(A X ).
We have Hom AX (F, G) ≃ Γ(X; Hom AX (F, G)).
If there is no risk of confusion, throughout the paper we will write ⊗ and Hom for short, and say injective and flat for A X -injective and A X -flat.
The functor f −1 is left adjoint to the functor f * , i.e. we have a functorial isomorphism
the direct image functor f * is left exact and commutes with small projective limits; the inverse image functor f −1 is exact and commutes with small inductive limits. When i Z : Z → X is the inclusion of a locally closed subset Z on X we will often write F |Z instead of i −1 Z F for short.
Let i Z be the inclusion of a locally closed subset Z of X. We recall the definition of the functor i Z! (extension by zero) such that for F ∈ Mod(A Z ), i Z! F is the unique A-sheaf in Mod(A X ) inducing F on Z and zero on X \ Z. First let U be an open subset of X and let F ∈ Mod(A U ). Then i U! F is the sheaf associated to the presheaf V → Γ(V ; i U! F ) which is Γ(V ; F ) if V ⊆ U and 0 otherwise. If S is a closed subset of X and F ∈ Mod(A S ), then i S! F = i S * F . Now let Z = U ∩ S be a locally closed subset of X, then one defines
Z F . Thus F Z is characterized by F Z|Z = F |Z and F Z|X\Z = 0. It is an exact functor. If Z ′ is another locally closed subset of X, then (F Z ) Z ′ = F Z∩Z ′ . When F = A X is the constant sheaf on X we just set A Z instead of (A X ) Z . The functor (•) Z is exact and has a right adjoint, denoted by Γ Z which is left exact. These two functors satisfy
Let Φ be a family of support on X as in Definition 3.4. The functor Γ Φ is defined as follows. If F ∈ Mod(A X ) then
i.e. a section s ∈ Γ(U ; F ) belongs to Γ(U ; Γ Φ F ) if its support is contained in S for some S ∈ Φ. Since filtrant inductive limits are exact the functor Γ Φ is left exact.
Later in the paper we shall use the derived version of many of the above formulas relating the various operations on A-sheaves. We will use these derived formulas freely and refer to reader to [32, Chapter II] for details.
O-minimal sheaves.
Let X be an object in Def and let A be a commutative ring. The o-minimal site X def on X is the category Op(X def ) whose objects are open definable subsets of X, the morphisms are the inclusions and the admissible covers Cov(U ) of U ∈ Op(X def ) are covers by open definable subsets with finite subcoverings. We will denote by Mod(A X def ) the category of sheaves of A-modules on X.
Developing sheaf theory based on the o-minimal site has two limitations: (i) o-minimal sheaves are not determined by their stalks (for example, on M the sheaf of continuous definable maps and the sheaf of continuous, bounded definable maps have the same stalks but are different); (ii) supports of sections of o-minimal sheaves are not well defined as infinite intersections of closed definable subsets are usually empty. To overcame these problems and be able to define new operations on ominimal sheaves we will use the tilde functor.
The tilde functor Def → Def determines a morphism of sites
given by the functor Thus to develop sheaf theory in Def is equivalent to developing sheaf theory in Def. In the paper [17] we used this approach to develop the theory of Φ-soft sheaves where Φ is a family of normal and constructible supports. Below we will use this theory and refer the reader to [17] for details. Remark 4.2. Since the objects of Def are topological spaces, we can transfer some results about sheaves on topological spaces to sheaves on objects of Def. However, we cannot transfer everything, e.g: (i) cartesian squares is Def are not cartesian squares in Top; (ii) (locally) complete in Def is not the same as locally compact in Top.
Remark 4.3. In the paper [17] we assumed that A is a field, but that was only used to ensure that • ⊗ G ≃ G ⊗ •, for G ∈ Mod(A X ), is exact. For this reason, our results here about • ⊗ G ≃ G ⊗ • will come with the flatness assumption.
Sheaves on fibers of o-minimal spectral maps.
Here we study sections on a normal and constructible family of supports Φ on a fiber f −1 (α) of a morphism f : X → Y in Def. Then we show that Γ Φ (f −1 (α); •) commutes with lim − → and has cohomological dimension bounded by dim X. We also introduce the subcategory of Γ Φ (f −1 (α); •)-injective objects which is stable under lim − → and whose flat objects are also stable under • ⊗ F for all F ∈ Mod(A f −1 (α) ).
For the rest of the subsection we will work on the category Def and omit the tilde, also when going to Def(S) for some model S of the first-order theory of M we will also omit the tilde. Furthermore, we fix the following data: f : X → Y a morphism in Def, α ∈ Y , a |= α a realization of α, S a prime model of the first-order theory of M over {a} ∪ M and r | : (f S ) −1 (a) → f −1 (α) the homeomorphism of Lemma 3.3.
Thanks to the homeomorphism r | : (f S ) −1 (a) → f −1 (α) we can transfer results for Φ-soft sheaves on o-minimal spectral spaces ([17, Section 3]) to Φ-soft sheaves on the fiber f −1 (α) where Φ is a family of normal and constructible supports. We state here the results we are going to use in the next section.
Proposition 4.4. Assume that (F i ) i∈I is a filtrant inductive family of sheaves in
Mod(A f −1 (α) ) and Φ a constructible family of supports on f −1 (α). Then
Lemma 4.5. Assume that Z is a subspace of f −1 (α), G is a sheaf in Mod(A Z ), Φ is a normal and constructible family of supports on f −1 (α) and Y is a subset of Z such that D ∩ Y is a quasi-compact subset for every D ∈ Φ. Then the canonical morphism
where U ranges through the family of open constructible subsets of f −1 (α), is an isomorphism.
Recall that a sheaf F on a topological space X with a family of supports Φ is Φ-soft if and only if the restriction Γ(X; F ) → Γ(S; F |S ) is surjective for every S ∈ Φ. If Φ consists of all closed subsets of X, then F is simply called soft. Proposition 4.6. Let X be a topological space and F is a sheaf in Mod(A X ). If Φ is a family of supports on X such that every C ∈ Φ has a neighborhood D in X with D ∈ Φ. Then the following are equivalent:
(1) F is Φ-soft; (2) F |S is soft for every S ∈ Φ; (3) Γ Φ (X; F ) → Γ Φ |S (S; F |S ) is surjective for every closed subset S of X;
If in addition X is f −1 (α) and Φ is a constructible family of supports on X, then the above are also equivalent to: (4) F |Z is soft for every constructible subset Z of X which is in Φ;
If moreover Φ is a normal and constructible family of supports on X, then the above are also equivalent to: 
) is Φ-soft and flat, then for every F ∈ Mod(A f −1 (α) ) we have that G ⊗ F is Φ-soft. (1) For every
Recall that for a topological space X and Φ a family of supports on X, the cohomological Φ-dimension of X is the cohomological dimension of the functor Γ Φ (X; •), i.e., the smallest n such that H q Φ (X; F ) = 0 for all q > n and all sheaves F in Mod(A X ). Theorem 4.10. Let Φ be a normal and constructible family of supports on the quasi-compact space f
Proof. Since r | is a homeomorphism the cohomological Φ-dimension of f −1 (α) is the same as that of (f S ) −1 (a), which by [17, Theorem 3.12] , is bounded by
Proper direct image
In this section we will develop the theory of proper direct image in a full subcategory A of the category Def whose sets of objects is:
• closed under taking definable subsets of objects of A,
• closed under taking cartesian products of objects of A,
and, is such that: (A1) every object of A is definably normal; (A2) every object of A is definably completable in A;
(A3) for every object X of A, for every model S of the first-order theory of M and every F ∈ Mod(A X def ) we have an isomorphism H * c ( X; F ) ≃ H * c ( X(S); F (S)) where F (S) = r −1 F and r : X(S) → X is the restriction.
We denote by A the image of A under the tilde functor Def → Def. By the assumptions on A, Lemma 2.15 and [18] respectively we have:
• Cartesians squares exit in A.
• Every morphism f : X → Y in A has a definable proper extension in A.
• Every object of A is normal.
Below we will work in the category Def (resp. A) and omit the tilde. If X in an object of Def (resp. A), then Op(X) denotes the category of open subsets of X with inclusions and Op cons (X) is the full sub-category of constructible open subsets of X.
Proper direct image.
Here we define the proper direct image functor and prove some of its basic properties.
Definition 5.1. Let f : X → Y be a morphism in Def and let F ∈ Mod(A X ). The proper direct image is the subsheaf of f * F defined by setting for U ∈ Op cons (Y )
where Z ranges through the family of closed constructible subsets of f −1 (U ) such that f |Z : Z → U is proper.
Before proceeding any further we will compare our (o-minimal) proper direct image functor with Verdier's ( [44] ) proper direct image functor and Kashiwara and Schapira ( [33] ) and Prelli's ( [43] ) sub-analytic proper direct image functor. The next remark also explains why we use the notation f ≀ . instead of the classical notation f ! .
Remark 5.2. Suppose that
is an o-minimal expansion of the ordered set of real numbers. If X is an object of Def, then we shall consider: the topological space X (with the usual topology generated by open definable subsets), the topological space X (with the spectral topology) and the site X def . Let us identify X with the subset of X whose points are ultrafilter determined by the elements of X. Then X is a topological space with the induced topology and the inclusion ι : X → X is continuous. Furthermore, if f : X → Y is a morphism in Def, then we have an induced continuous map f : X → Y. Finally note that this correspondence is the inverse to the isomorphism Def → Def. 1) Let f : X → Y be a morphism in Def. So there is a natural way to extend Verdier's ( [44] ) proper direct image functor f ! for the continuous map f : X → Y given by: for G ∈ Mod(A X ) and U ∈ Op( Y ) we have
where Z ranges through the family of closed subsets of f −1 (U ) such that f |Z : Z → U is universally closed.
For example, suppose that X = R 2 , Y = R, f : R 2 → R is the projection onto the first coordinate and U = (0, +∞). Let φ : (0, +∞) → (0, +∞) be given by φ(t) = 1 t (resp. φ(t) = 1 ln(t) ) if M is semi-bounded ( [14] ) (resp. polynomially bounded ([13]) ). Set S = {(x, y) ∈ (0, +∞) × R : y = φ(x))} and consider the sheaf A S . Denote by T the closure of ι(S) in X. One can check that the adjunction id → ι * ι −1 induces an isomorphism ι * A S ≃ A T . Let s ∈ Γ(f −1 (U ); A T ). Then supp(s) = T and f | : supp(s) → U is universally closed (it is an homeomorphism into its image), so
2) The example 1) also explains the relationship between our proper direct image functor and Verdier's ( [44] ) proper direct image functor. Verdier's proper direct image functor f ! for a continuous map f between locally compact spaces given by: for G ∈ Mod(A X ) and U ∈ Op(Y ) we have
where Z ranges through the family of closed subsets of f −1 (U ) such that f |Z : Z → U is proper. We have f ≀ .
• ι * = ι * • f ! . For example, let X, Y, S, f as in 1), and let
3) The next remark explains the relationship between our proper direct image functor and Kashiwara and Schapira ( [33] ) and Prelli's ( [43] ) sub-analytic proper direct image functor. Consider the category Def associated to the o-minimal structure R an = (R, <, 0, 1, +, ·, (f ) f ∈an ) -the field of real numbers expanded by restricted globally analytic functions ( [13] ). As explained in [13] , in this case, Def is the category of globally sub-analytic spaces with globally sub-analytic maps. Now equip X with its sub-analytic site, denoted X sa (where the objects are open subanalytic subsets and coverings are locally finite on X, see [33] ). In this context we have ( [43] ) a sub-analytic proper direct image functor f !! given by: for F ∈ Mod(A Xsa ) and U ∈ Op(Y sa ) we have
where K ranges through the family of compact sub-analytic subsets of X. We recall that this is a direct construction of Kashiwara and Schapira ( [33] ) sub-analytic proper direct image functor originally constructed as a special case of a more general construction within the theory of ind-sheaves. Consider now the natural morphism of sites ν : X sa → X def induced by the inclusion Op(X def ) ⊂ Op(X sa ). Since a compact sub-analytic subset is a compact globally sub-analytic subset (hence a definably compact subset in the o-minimal structure R an ), we have Γ(U ;
is defined by the equivalence between sheaves on X and X def ). However, in general, we have
• ν * . For example, suppose that X = R 2 , Y = R, f : R 2 → R is the projection onto the first coordinate and U = (0, 1). Let φ : (0, 1) → (0, +∞) be given by φ(t) = 1 
where Z, S are closed constructible in f −1 (g −1 (V )) and g −1 (V ) respectively and such that f |Z :
In particular, we have: 
The following lemma follows immediately from the definition of proper direct image and we leave the details to the reader 
Remember that, given a morphism f : X → Y in Def, the family Φ f is defined by Φ f = {A : A ⊆ X is closed with A ⊆ B for some closed constructible subset B of X such that f |B : B → Y is proper}.
Proposition 5.8. Let f : X → Y be a morphism in A and let S be a closed (quasi-compact) subset of Y . Then
, where U ranges through the family of open constructible neighborhoods of S and Z is closed constructible in f −1 (U ) and such that f |Z : Z → U is proper. Let us prove the assertion in two steps.
Claim 5.9. We have an isomorphism
where U ranges through the family of open constructible neighborhoods of S and Z is closed constructible in f −1 (U ) and such that f |Z : Z → U is proper.
and the result follows.
Claim 5.10. We have an isomorphism
where U ranges through the family of open constructible neighborhoods of S.
Let s ∈ Γ(f −1 (S); F ) and let Z ∈ Φ f containing its support. The section s is represented by a section t ∈ Γ(W ; F ) for some open constructible neighborhood W of f −1 (S). Since Φ f is normal there exists an open constructible neighborhood V of Z ∩f (t) )\V ) = ∅ and so S ∩f ((V ∩supp(t))\V ) = ∅. Since S and f ((V ∩supp(t))\V ) are closed subsets of Y (recall that f |V is proper) and Y is normal, by shrinking lemma ( [18] 
Proof. First we show that we may assume without loss of generality that β is a closed point in Z and S is a closed subset of Y .
By [18] , there exists
we have also F |f −1 (S) = F |f ′−1 (S) ). Thus after replacing Z (resp., Y and X) by Z ′ (resp. Y ′ and X ′ ) and f (resp., g) by f ′ (resp., g ′ ), we may assume without loss of generality that β is a closed point of Z. Thus β ∈ Z is a closed point, and so
Since S is closed in Y , by Proposition 5.8 we have s ∈ Γ Φ f ∩S (f −1 (S); F ) and
and by definition of Φ f there is a closed constructible subset B of X such that f |B is proper and supp(s)
) which implies that s ∈ Γ c (f −1 (S); F ) as required. Let b |= β be a realization of β and S a prime model of the first-order theory of M over {b} ∪ M. Then we have the following commutative diagram
given by Lemma 3.3 (where we have omitted the tildes and used the fact that 
It follows from Corollary 3.11 that C is contained in a closed constructible subset B of X such that (g • f ) |B is proper, hence f |B is proper (Proposition 2.12). So
Therefore, by Proposition 5.8 we have s ∈ Γ(S; f ≀ . F ) and supp(s) ⊆ f (C). We will show that f (C) is complete in g −1 (β) which implies that s ∈ Γ c (S; f ≀ . F ) as required. For this consider the commutative diagram above. By definition of complete in f
, we obtain as claimed that f (C) is complete in g −1 (β).
Setting Y = Z and g = id we obtain Corollary 5.12. Let f : X → Y be a morphism in A and let F be a sheaf in
5.2. f -soft sheaves. Here we introduce the f -soft sheaves where f : X → Y is a morphism in Def. We show that the full additive subcategory of f -soft sheaves is f ≀ .
(•)-injective and is stable under lim − → and whose flat objects are also stable under
Consider a fiber f −1 (α) of a morphism f : X → Y in Def and let c be the family of complete supports on f −1 (α). Recall that a sheaf
Definition 5.13. Let f : X → Y be a morphism in Def and let F be a sheaf in Mod(A X ). We say that F is f -soft if for any α ∈ Y the sheaf
By Remark 5.3 we have:
Remark 5.14. Let a X : X → {pt} be the morphism to a point in Def and let F be a sheaf in Mod(A X ). Then F is a X -soft if and only if it is c-soft.
By Corollary 4.7 we have:
Since restriction is exact and commutes with ⊗, by Proposition 4.8 we have:
By Corollary 5.11 we have:
F is g-soft.
Proof. Let β ∈ Z, we shall prove that the restriction (f ≀ . F ) |g −1 (β) is c-soft. Let K be an element of the family of complete supports c on g −1 (β). Then K is a quasi-compact subset of g −1 (β). By Corollary 5.11, there is a commutative diagram
induced by the restrictions, with ψ g −1 (β) and ψ K isomorphisms. Since F is (g • f )-soft, the arrow on the right is surjective. Therefore, the arrow on the left is also surjective as required.
A special case which follows by Remark 5.5 and Proposition 4.6 is:
Remark 5.18. Let f : X → Y be a morphism in Def and let F be a sheaf in Mod(A X ). Suppose that the family c of supports on X (resp. on Y ) is such that every C ∈ c has a neighborhood
F is c-soft.
Lemma 5.19. Let f : X → Y be a morphism in Def with X normal and let F be a sheaf in Mod(A X ). If F is injective and hence flabby, then F is f -soft. In particular, the full additive subcategory of Mod(A X ) of f -soft sheaves is cogenerating.
Proof. Let α ∈ Y and let K be an element of the family c of complete supports on f −1 (α). Then K is quasi-compact in X (Remark 2.21). Since X is normal, by [17, Lemma 3.2] , the canonical morphism
where U ranges through the family of open constructible subsets of X, is an isomorphism. Since F is flabby Γ(X; F ) → Γ(U ; F ) is surjective. The exactness of filtrant lim − → implies that Γ(X; F ) → Γ(K; F |f −1 (α) ) |K ) is surjective. This morphism factors through Γ(f −1 (α); F |f −1 (α) ) and the result follows. (1) For every F ∈ Mod(A X ) there exists an f -soft F ′ ∈ Mod(A X ) and an exact
(1) By Lemma 5.19 the full additive subcategory of Mod(A X ) of f -soft sheaves is cogenerating.
(
→ 0 is an exact sequence for every α ∈ Y . By Corollary 5.12, the sequence 0 → f ≀ . 
Proof. We may assume that X ∈ Φ. If X = ∪ j U j is a finite cover of X by open quasi-compact neighborhoods, then
is exact. Applying the exact functor • ⊗ M, recall M is flat, we obtain the commutative diagram with exact rows:
Observe also that for every x ∈ X we have
where U ranges through the family of open quasi-compact neighborhoods of x. In fact, both sides of this auxiliary isomorphism are isomorphic to F x ⊗M. Thus, if s ∈ Γ(X; F ) ⊗ M is such that ϕ(s) = 0, then we can find, by the auxiliary isomorphism and quasi-compactness of X, a finite covering X = ∪ j U j by open quasi-compact neighborhoods such that λ(s) = 0. Therefore, s = 0 and ϕ is injective. If we apply the same argument to U j and U j ∩ U i instead of X we see that ψ and ϑ are also injective.
To show that ϕ is surjective, take t ∈ Γ(X; F ⊗ M X ). By the auxiliary isomorphism above, there exists a finite covering X = ∪ j U j by open quasi-compact neighborhoods such that λ ′ (t) is in the image of ψ. But by injectivity of ϑ it follows that t is in the image of ϕ.
By Corollary 5.12 and Lemma 5.21 we have:
is an isomorphism.
Proof. The morphism f
To prove that it is an isomorphism, let α ∈ Y . Then
by Corollary 5.12, Lemma 5.21 and the fact that (f
We now proceed to the proof of the base change formula. By Lemma 3.3, we have:
Remark 5.23. Let f : X → Y be a morphism in Def and α ∈ Y . Let a |= α a realization of α and S a prime model of the theory of M over {a} ∪ M. Then we have a commutative diagram
where here and below we use the notation F (S) = r −1 F.
Lemma 5.24. Consider a cartesian square in Def
Let γ ∈ Y ′ , v |= γ a realization of γ and S a prime model of the first-order theory
is a realization of g(γ)). Then we have a commutative diagram
Proof. Indeed, after removing the tilde, we have a similar commutative diagram of continuous S-definable maps between S-definable spaces with the restriction to the S-definable fibers an S-definable homeomorphism.
By Lemmas 3.3 and 5.24 we have:
Lemma 5.25. Consider a cartesian square in Def
is a realization of g(γ)) and let K is a prime model of the first-order theory of M over {u} ∪ M. If K = S, then we have a homeomorphism g
which induces an isomorphism
for every F ∈ Mod(A X ).
Proof. We have the following commutative diagram
is a homeomorphism by Lemma 5.24 and the
) are also homeomorphisms (Lemma 3.3 and K = S) the result follows.
If γ ∈ Y ′ , then there exists an isomorphism
Proof. Let v |= γ be a realization of γ and S a prime model of the first-order theory of M over {v} ∪ M. Set u = g S (v) and note that u |= g(γ) is a realization of g(γ). Let K is a prime model of the first-order theory of M over {u} ∪ M. Thus since u ∈ S, by Fact 3.2, we have either K = M and M = S or K = S. So we proceed with the proof by considering the two cases.
Case K = M and M = S: We have u = g(γ). Then we have
where the first isomorphism follows by (A3), the second follows from Lemma 5.24 and the third follows from Lemma 3.3 together with Remark 5.23. Case K = S: Then by Lemma 5.25 we have
We are now ready to prove the base change formula:
Proposition 5.27 (Base change formula). Consider a cartesian square in A
• g ′−1 F.
Proof. Let us construct the morphism g
• g ′−1 . We shall construct first the morphism f ≀ .
• g
and by Proposition 2.12, the restriction f
G) and we obtain f ≀ .
• g ′−1 , where the second arrow is induced by f ≀ .
. We define
• g ′−1 by adjunction.
To prove that g
• g ′−1 F is an isomorphism, let us take γ ∈ Y ′ .
Then by Corollary 5.12
•
Therefore, we have to show that
But this is proved in Lemma 5.26.
Derived proper direct image.
Here we derive the proper direct image and prove the derived projection and base change formulas. As corollaries we obtain the universal coefficients formula and the Künneth formula.
Assumption 5.28. Below when considering tensor product in Mod(A X ), we assume that A is a commutative ring with finite weak global dimension, wgld(A) < ∞. The weak global dimension of A is the smallest n such that every A-module has a flat resolution of length n. In fact we can assume the weaker assumption that A has finite global homological dimension, gld(A) < ∞, since wgld(A) ≤ gld(A). The global dimension of A is the smallest n such that every A-module has a injective resolution of length n. See [32, Exercises I. 28 and I. 29] . By the observations on page 110 in [32] , in this situation, if F ∈ D b (A X ) (resp. F ∈ D + (A X )), then F is quasi-isomorphic to a bounded complex (resp. a complex bounded form below) of flat A-sheaves. Therefore, we may define the left derived functor
with * = −, +, b.
Let f : X → Y be a morphism in A. We are going to consider the right derived functor of proper direct image
If F ∈ D + (A X ) and F ′ is a complex of f -soft sheaves quasi-isomorphic to F (which exists by Proposition 5.20), then
Furthermore, if g : Y → Z is another morphism in A, then by Proposition 5.17,
• Rf ≀ .
.
Note also that by Theorem 5.36, the functor Rf ≀ . induces a functor:
Deriving the projection formula (Proposition 5.22) we have:
Proof. First note that, if G is flat, then by Lemma 5.21, • ⊗ f −1 G sends fsoft sheaves to f -soft sheaves. (Indeed, for every α ∈ Y , the restriction (•) |f −1 (α) commutes with ⊗ and (f −1 G) |f −1 (α) = G α which is also flat.) Now let F ∈ D + (A X ) and G ∈ D + (A Y ). Let F ′ be a complex of f -soft sheaves quasi-isomorphic to F (Proposition 5.20). By Assumption 5.28, there exists a complex G ′ of flat sheaves quasi-isomorphic to G. Then
where the second isomorphism follows from Proposition 5.22.
Corollary 5.30 (Universal coefficients formula). Let X be an object of Def. Let M be a A-module. Suppose that c is a normal and constructible family of supports on X. Then there is an isomorphism
Proof. If we use Proposition 4.6 (resp. Lemma 5.21 ) instead of Proposition 5.20 (resp. Proposition 5.22), we obtain a natural isomorphism RΓ c (X;
Corollary 5.31. Let X be an object of Def. Let M be a A-module. Suppose that c is a normal and constructible family of supports on X. Then there is an exact sequence for each
Recall that F is acyclic with respect to a left exact functor ϕ if R k ϕF = 0 if k = 0. In such a situation F is also ϕ-injective. In order to prove the derived base change formula, we need:
Lemma 5.32. Consider a cartesian square
for every α ∈ Y . We must show that the restriction (g
Let v |= γ be a realization of γ and S a prime model of the first-order theory of M over {v} ∪ M. Set u = g S (v) and note that u |= g(γ) is a realization of g(γ). Let K is a prime model of the first-order theory of M over {u} ∪ M. Thus since u ∈ S, by Fact 3.2, we have either K = M and M = S or K = S. So we proceed with the proof by considering the two cases.
Case K = M and M = S: We have u = g(γ) and
is a homeomorphism (Lemma 5.24) and on the other hand, ((
) is a homeomorphism (Lemma 5.25),
Deriving the base change formula (Proposition 5.27) we have:
Theorem 5.33 (Derived base change formula). Consider a cartesian square
(•)-acyclic sheaves quasi-isomorphic to g ′−1 F . Therefore, by Proposition 5.20
and Proposition 5.27 we have
Combining the the derived projection and base change formulas we obtain:
Theorem 5.34 (Künneth formula). Consider a cartesian square
There is a natural isomorphism
Proof. Using the derived projection formula and the derived base change formula we deduce
Using the derived projection formula once again we find
• Rf F |X ′ ) α ), and since f ′−1 (α) = f −1 (α), we have also F |f −1 (α) = F |f ′−1 (α) ). Thus after replacing Y (resp., X) by Y ′ (resp. X ′ ) and f by f ′ , we may assume without loss of generality that α is a closed point of Y. Thus α ∈ Y is a closed point and, by Corollary 3.11, the family c of complete supports on f −1 (α) is a normal and constructible family of supports. By Theorem 4.10
F ) α ≃ R k Γ c (f −1 (α); F |f −1 (α) ) = 0 if k > dim X. Since α was arbitrary the result follows. 
for every G ∈ D + (A Y ). In particular:
• if f : X → Y is a closed immersion, then id ≃ f We now prove several useful properties of the dual f completing the proof of the first isomorphism. The second isomorphism is obtained from the first one by applying the functor RΓ(Y ; •).
Let X be an object of Def such that c is a normal and constructible family of supports on X. Let J be the full additive subcategory of Mod(A X ) of c-soft sheaves. As a consequence of the results we proved for Γ c and for Γ c (X; •)-acyclic sheaves in [17] . In particular, we obtain the form of the global Verdier duality proved already in [17] , where a ≀ .
X A X is the dualizing complex: Theorem 6.7. Let X be an object of Def such that c is a normal and constructible family of supports on X. Then we have a natural isomorphism Note that in [17, Section 4] we were assuming that A is a field, but this assumption is only used there to deduce Theorem 6.7 and plays no role after that.
Application to definable groups
Here we prove our application of the previous theory to definable groups (Theorem 1.1 in the Introduction). Below we assume the reader familiarity with the basic theory of definable groups ( [36] and [40] ).
Here we let M be an arbitrary o-minimal structure and k a field. First observe that (going to Def and using Theorem 4.1) we have by [3, Chapter II, Section 7] ):
